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7KH DEVWUDFW VWDWHV� ?7KH JHQHUDO 5DPVH\ SUREOHP FDQ EH GHVFULEHG DV IROORZV�
/HW $ DQG % EH WZR VHWV� DQG 5 D VXEVHW RI $e%� )RU D � $ GHQRWH E\ 5�D�
WKH VHW IE � % M �D� E� � 5J� 5 LV FDOOHG U�5DPVH\ LI IRU DQ\ U�SDUW SDUWLWLRQ
RI % WKHUH LV VRPH D � $ ZLWK 5�D� LV RQH SDUW� :H LQYHVWLJDWH TXHVWLRQV
RI ZKHWKHU RU QRW FHUWDLQ 5 DUH U�5DPVH\ ZKHUH % LV D (XFOLGHDQ VSDFH DQG
5 LV GHzQHG JHRPHWULFDOO\�� � ^ /HW . EH D VHW RI N SRLQWV LQ (XFOLGHDQ P�
VSDFH (P� /HW 5�.Q�Q� U� GHQRWH WKH SURSHUW\� )RU DQ\ U�FRORULQJ RI (Q

WKHUH LV D PRQRFKURPDWLF VHW .� FRQJUXHQW WR .� �0RUH JHQHUDOO\� .� LV WKH
LPDJH RI . XQGHU VRPH HOHPHQW RI D JURXS + RI WUDQVIRUPDWLRQV RQ (Q�� )RU
H[DPSOH� �WKH DXWKRUV SURYH WKDW� LI 3 LV D SDLU RI SRLQWV GLVWDQFH G DSDUW
WKHQ 5�3� �� �� LV IDOVH >VHH /� 0RVHU DQG :�0RVHU� &DQ� 0DWK� %XOO� ��
������� ������@ ZKLOH 5�3� �� �� LV WUXH� >6HH +� +DGZLJHU DQG +� 'HEUXQQHU�
&RPELQDWRULDO *HRPHWU\ LQ WKH 3ODQH �*HUPDQ RULJLQDO ����� =EO ����������
(QJOLVK WUDQVO� ZLWK .OHH� �����@� ,I 6� LV DQ HTXLODWHUDO WULDQJOH RI VLGH �
WKHQ 5�6�� �� �� LV WUXH� LI &� LV D XQLW VTXDUH� WKHQ 5�&�� �� �� LV WUXH� LI 7 LV
DQ\ VHW RI WKUHH SRLQWV� WKHQ 5�7� �� �� LV WUXH� LI 7 LV D ��l^��l ULJKW WULDQJOH
WKHQ 5�7� �� �� LV WUXH� LI /  I�r�� ��� ��� ��� ��� ��J WKHQ 5�/� �� �� LV WUXH� LI
/N GHQRWHV WKH FRQzJXUDWLRQ RI N FROOLQHDU SRLQWV VHSDUDWHG E\ XQLW GLVWDQFH�
WKHQ 5�/�� Q� ��� 5�/�� Q� ��� 5�/�� Q� �� DUH IDOVH IRU DOO Q� _ $ FRQzJXUDWLRQ
�VHW� . LV VDLG WR EH 5DPVH\ LI IRU HDFK U WKHUH LV DQ Q IRU ZKLFK 5�.�Q� U� LV
WUXH� . LV VSKHULFDO LQ (P LI LW LV HPEHGGDEOH LQ WKH VXUIDFH RI D �K\SHU�VSKHUH�
7KHRUHP� ,I . LV QRW VSKHULFDO WKHQ . LV QRW 5DPVH\� 7KH SURRI GHSHQGV
RQ WKH OHPPD� /HW F�� F�� � � � � FN� E EH UHDO QXPEHUV� E � �� 7KHQ WKHUH H[LVWV
DQ LQWHJHU U� DQG VRPH U� FRORULQJ RI WKH UHDO QXPEHUV� VXFK WKDW WKH HTXDWLRQ3N
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FL�[L r [��  E KDV QR VROXWLRQ [�� [�� � � � � [N ZKHUH DOO WKH [L KDYH WKH

VDPH FRORU� 7KLV OHPPD H[WHQGV WKH IXQGDPHQWDO ZRUN RI 5� 5DGR >3URF�
/RQGRQ 0DWK� 6RF� �QG 6HU� ��� ������� ������@� $OVR SURYHG LV� LI 4 �WKH
UDWLRQDOV� LV FRORUHG ZLWK N FRORUV WKHQ WKH HTXDWLRQ �[� r \���[� r \��  �
DOZD\V KDV VROXWLRQV ZLWK FRORU [L  FRORU \L� L  �� �� 7KH VHW RI YHUWLFHV RI
D UHFWDQJXODU SDUDOOHOHSLSHG LQ (Q LV FDOOHG D EULFN� ?(YHU\ EULFN LV 5DPVH\�
LV D FRUROODU\ RI� ,I .��� (Q� DQG .��� (P� DUH ERWK 5DPVH\ WKHQ VR LV
.� e .��� (Q�P�� _ 7KH SDSHU FRPELQHV WKH EHVW IHDWXUHV RI H[SRVLWLRQ�
VXUYH\� UHVHDUFK� DQG TXHVWLRQV IRU IXUWKHU LQYHVWLJDWLRQ� ,W ZLOO EH UHDG ZLWK
SOHDVXUH E\ FRPELQDWRULVWV� JHRPHWHUV� UHVHDUFKHUV DQG VWXGHQWV�
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