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/HW I�Q� EH DQ DUELWUDU\ DULWKPHWLFDO IXQFWLRQ DQG OHW $1 DQG %1 ! � EH
VHTXHQFHV RI UHDO QXPEHUV VXFK WKDW %1 � �� ZLWK 1 � /HW 1p1 �Q � � � � �
GHQRWH WKH QXPEHU RI WKRVH LQWHJHUV Q � 1 IRU ZKLFK WKH SURSHUW\ VWDWHG LQ
WKH GRWWHG VSDFH KROGV� 2XU DLP LQ WKH SUHVHQW SDSHU LV WR GHWHUPLQH VHTXHQFHV
$1 DQG %1 IRU ZKLFK

p1 �Q � I�Q�r$1 � [%1 �  ) �[� � R���

IRU DOO FRQWLQXLW\ SRLQWV RI D GLVWULEXWLRQ IXQFWLRQ ) �[�� :H XVH WKH PHWKRG
SURSRVHG E\ WKH VHFRQG QDPHG DXWKRU >3URF� $PHU� PDWK� 6RF� ��� ���
�� ������ =EO ����������@� 7KDW LV� ZH FRQVWUXFW DGGLWLYH IXQFWLRQV *1 �Q�
ZKLFK DUH FORVH LQ TXDGUDWLF PHDQ WR I�Q� DQG IRU ZKLFK D UHODWLRQ RI WKH IRUP
p1 �Q � *1 �Q� r $v
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� [%1 �  ) �[� � R��� LV NQRZQ WR KROG� )URP $v

1

DQG *1 �Q� ZH WKHQ GHWHUPLQH $1 � $ JHQHUDO WKHRUHP RI WKH DERYH QDWXUH LV
SURYHG LQ WKH zUVW SDUW ZKLOH LQ WKH VHFRQG RQH ZH GLVFXVV LQ PRUH GHWDLO WKH
FDVH ZKHQ I�Q�  

3
GMQ J�G� ZLWK D JLYHQ DULWKPHWLFDO IXQFWLRQ J�G�� 1RWLFH

WKDW LI J�G�  � IRU DOO G H[FHSW ZKHQ G LV WKH SRZHU RI D SULPH QXPEHU
WKHQ I�Q� LV DGGLWLYH ZKLOH LI J�G� LV PXOWLSOLFDWLYH� WKHQ VR LV I�Q�� 7KH
PRVW QDWXUDO H[WHQVLRQ RI WKH GLVWULEXWLRQ WKHRU\ RI DGGLWLYH DQG PXOWLSOLFDWLYH
IXQFWLRQV ZRXOG WKHUHIRUH EH IRU I�Q� RI WKH IRUP JLYHQ DERYH �SHUKDSV ZLWK
VRPH UHVWULFWLRQV RQ J�G��� :H REWDLQ D VXlFLHQW FRQGLWLRQ IRU WKH H[LVWHQFH RI
D OLPLW ODZ ) �[� IRU �I�Q� r $1 � %1 ZLWK VSHFLzF $1 DQG %1 � $Q H[DPSOH
LV JLYHQ IRU LOOXVWUDWLRQ RI WKH PHWKRG DQG RI WKH UHVXOW�
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